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Dedicated to Ivan Shestakov, on the occasion of his 60th birthday 

Abstract. Recently, the classical Freudenthal Magic Square has been ex- 
tended over fields of characteristic 3 with two more rows and columns filled 
with (mostly simple) Lie superalgebras specific of this characteristic. This Su- 
permagic Square will be reviewed and some of the simple Lie superalgebras 
that appear will be shown to be isomorphic to the Tits-Kantor-Koecher Lie 
superalgebras of some Jordan superalgebras. 



Introduction 

The classical Freudenthal Magic Square, which contains in characteristic the 
exceptional simple finite dimensional Lie algebras, other than G2, is usually con- 
structed based on two ingredients: a unital composition algebra and a central simple 
degree 3 Jordan algebra (see |Sch95| Chapter IV]). This construction, due to Tits, 
does not work in characteristic 3. 

A more symmetric construction, based on two unital composition algebras, which 
play symmetric roles, and their triality Lie algebras, has been given recently by sev- 
eral authors f [AF93j . [BS] . [LM02j [LM04) ). Among other things, this construction 
has the advantage of being valid too in characteristic 3. Simpler formulas for trial- 
ity appear if symmetric composition algebras are used, instead of the more classical 
unital composition algebras ([Eld04, Eld07a|). 

But the characteristic 3 presents an exceptional feature, as only over fields of 
this characteristic there are nontrivial composition superalgebras, which appear in 
dimensions 3 and 6. The unital such composition superalgebras were discovered by 
Shestakov |She97j . This fact allows to extend Freudenthal Magic Square ( |CE07aj ) 
with the addition of two further rows and columns, filled with (mostly simple) 
Lie superalgebras, specific of characteristic 3, which had appeared first (with one 
exception) in |Eld06j and [Eld07bj . 

Most of the Lie superalgebras in characteristic 3 that appear in the Supermagic 
Square have been shown to be related to degree three simple Jordan algebras in 
[CE07bj . 

The aim of this paper is to show that some of the Lie superalgebras in the 
Supermagic Square are isomorphic to the Tits-Kantor-Koecher Lie superalgebras 
of some distinguished Jordan superalgebras. 

More specifically, let Si denote the split para-Hurwitz algebra of dimension 
i = 1,2 or 4, and let S be the para-Hurwitz superalgebra associated to the uni- 
tal composition superalgebra C (see Section 1 for definitions and notations). Let 
$(Si,S) be the corresponding entry in the Supermagic Square. Then 0(6*1, S) was 
shown in CE07b to be isomorphic to the Lie superalgebra of derivations of the 
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Jordan superalgebra J = H%(C) of hermitian 3x3 matrices over C. Here the 
following results will be proved: 

(i) The Lie superalgebras 0(52, S) in the second row of the Supermagic Square 
will be shown to be isomorphic to the projective structure superalgebras of 
the Jordan superalgebras J = H 3 (C). Here the structure superalgebra is 
str( J) = Lj © det(J) and the projective structure superalgebra pstr( J) is 
the quotient of str(J) by its center. (See Theorem 13.31 and Corollary 13. 50 

(ii) The Lie superalgebras 0(54, 5) in the third row of the Supermagic Square 
will be shown to be isomorphic to the Tits-Kantor-Koecher Lie superal- 
gebras of the Jordan superalgebras J = ff 3 (C). (See Theorem 13.81 and 
Corollary \JM) 

(iii) The Lie superalgebra 0(6*1,2, 5^) will be shown to be isomorphic to the 
Tits-Kantor-Koecher Lie superalgebra of the nine dimensional Kac Jordan 
superalgebra Kg. Note that the ten dimensional Kac Jordan superalgebra 
Kio is no longer simple in characteristic 3, but contains a nine dimensional 
simple ideal, which is Kg. (See Theorem 14.21 ) 

(iv) The Lie superalgebra g(5i, £1,2) will be shown to be isomorphic to the 
Tits-Kantor-Koecher Lie superalgebra of the three dimensional Kaplansky 
superalgebra K 3 . (See Corollarv l4.3l ) 

The paper is structured as follows. In Section 1 the construction of the Su- 
permagic Square in terms of two symmetric composition superalgebras will be 
reviewed. Then the relationship of the Lie superalgebras in the first row of the 
Supermagic Square with the Lie superalgebras of derivations of the Jordan superal- 
gebras J = Hs(C) above, proven in |CE07b| . will be reviewed in Section 2. Section 
3 will be devoted to the Lie superalgebras in the second and third rows of the Su- 
permagic Square, while Section 4 will deal with the Lie superalgebra 0(5*1.2, ^i, 2) 
and the nine dimensional Kac Jordan superalgebra Kg. It was Shestakov Shc96j 
who first noticed that Kg is isomorphic to the tensor product (in the graded sense) 
of two copies of the three dimensional Kaplansky Jordan superalgebra K3 (this was 
further developed in |BE02] ). and this is the key for the results in Section 4. 

Unless otherwise stated, all the vector spaces and superspaces considered will be 
assumed to be finite dimensional over a ground field k of characteristic 7^ 2. 



A quadratic superform on a Z2-graded vector space U = Ug © U\ over a field k 
is a pair q = (qg, b) where qg : Uq — > k is a quadratic form, and b : U x U — ► k is a 
supersymmetric even bilinear form such that b|f/ oX ;y is the polar form of qg: 



for any Xg,y„ £ Ug. 

The quadratic superform q — (qg, b) is said to be regular if the bilinear form b 
is nondegenerate. 

Then a superalgebra C — Cg C\ over k, endowed with a regular quadratic 
superform q — (qg, b), called the norm, is said to be a composition superalgebra (see 
jEO02j ) in case 



1. The Supermagic Square 



Hxg,Vg) = qg(xg + Vg) - qg(x ) - q (yg) 



%(xoyd) = qa(xg)qg(yg), 

b(Xgy, XgZ) = qg(Xg)b(y, Z) = h(yXg, ZXg), 

b(xy, zt) + (-l) xy+xz+yz b(zy, xt) = (-l)^b(a;, z)b(y, t), 



(1.1a) 
(1.1b) 
(1.1c) 
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for any Xq,i/q G Cg and homogeneous elements x,y,z,t G C. (As we are working 
in characteristic ^ 2, it is enough to consider equation (|l.lc|) .) 

As usual, the expression (— l) yz equals —1 if the homogeneous elements y and z 
are both odd, otherwise, it equals 1. 

The unital composition superalgebras arc termed Hurwitz superalgebras, while 
a composition superalgebra is said to be symmetric in case its bilinear form is 
associative, that is, 

b(xy,z) = b(x,yz), 

for any x, y, z. 

Hurwitz algebras are the well-known algebras that generalize the classical real 
division algebras of the real and complex numbers, quaternions and octonions. Over 
any algebraically closed field k, there are exactly four of them: k, k x k, Mat2(fe) 
and C(k) (the split Cayley algebra), with dimensions 1, 2, 4 and 8. 

Only over fields of characteristic 3 there appear nontrivial Hurwitz superalgebras 
(see [EO02] ): 

• Let V be a two dimensional vector space over a field k, endowed with a 
nonzero alternating bilinear form (.|.) (that is (v\v) = for any v G V). 
Consider the superspace .8(1, 2) (see |She97j ) with 

S(l,2)o = M, and B(l,2)i = V, (1.2) 

endowed with the supercommutative multiplication given by 

lx = xl = x and uv — (u\v)l 

for any x G £(1,2) and u,v G V, and with the quadratic superform q = 
(c?o,b) given by: 

fflj(l) = l, b(u,v) = (u\v), (1.3) 

for any u,v G V. If the characteristic of k is equal to 3, then £(1,2) is a 
Hurwitz superalgebra ( |EO02[ Proposition 2.7]). 

• Moreover, with V as before, let / i— > / be the associated symplectic in- 
volution on Endfc(y) (so (f(u)\v) — (u\f(v)} for any u,v G V and / G 
Endfc(V)). Consider the superspace .8(4,2) (see |She97j ) with 

£(4,2)o = End fe (n and B(A,2) f = V, (1.4) 

with multiplication given by the usual one (composition of maps) in Endfc(V), 
and by 

v-f = f(v) =f-veV, 

U ■ v = {.\u)v G Endfc(V) 

for any / G Endfe(y) and u,v £ V , where {-\u)v denotes the endomorphism 
w i— > (w\u)v; and with quadratic superform q = (qo,h) such that 

Qoif) = det(/), b(u,v) = (u\v), 

for any / G Endfc(V^) and u,v G V. If the characteristic is equal to 3, 
.8(4, 2) is a Hurwitz superalgebra ( |EO02|. Proposition 2.7]). 

Given any Hurwitz superalgebra C with norm q — (gg, b), its standard involution 
is given by 

x i — ► x — b(x, 1)1 — x. 
A new product can be defined on C by means of 

x • y = xy. (1-5) 
The resulting superalgebra, denoted by C, is called the para- Hurwitz superalgebra 
attached to C, and it turns out to be a symmetric composition superalgebra. 
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Given a symmetric composition superalgebra S, its triality Lie superalgebra 
tti(5) = tci(S , )o © tri(5)i is defined by: 

M(S)i = {(d ,d 1 ,d 2 ) G osp (5,9)1 : 

do(^ • y) = »y + • d 2 (y) Vx,y G 5g U Si}, 

where i = 0,1, and osp(S', g) denotes the associated orthosymplectic Lie superalge- 
bra. The bracket in tri(S') is given componentwise. 

Now, given two symmetric composition superalgebras S and S' , one can form 
(see |CE07al §3], or |Eld04] for the non-super situation) the Lie superalgebra: 

= g(S, S') = (tti(S) © tri(S')) © (®Lo^(^ ® S')), (1.6) 
where ti(S © £") is just a copy of S © S' (i — 0, 1, 2), with bracket given by: 

• the Lie bracket in tri(S')©tri(S"), which thus becomes a Lie subsuperalgebra 
of 0, 

• [(do,d 1 ,d 2 ),i i (x (g>x')] = Li(di(x) ®x'), 

• [{d' ,d' 1 ,d' 2 ),L i (x®x')} = (-^^(^dKl')), 

• [ii{x © x'),i i+ i(y ® y')) = (-l) x ' y i i+2 ((x •y) ® (a:' • y')) (indices modulo 
3), 

. [^(z © a;'), H{V © 2/')] = (-l^'+^'+^'bV, y')0 i {t SB , v ) 

for any i = 0,1,2 and homogeneous x,y G 5, a;',?/ G S", (do,di,d2) G tri(S'), and 
(dojdi,^) G tti(S'). Here 9 denotes the natural automorphism 9 : (do,di,d 2 ) t— > 
(d2,do,^i) hi tti(jS'), while is defined by 

with l x {y) =x» y, r x (y) = (-l) xy y • x, and 

a x , y (z) = (-l) yz b(x, z)y - {-lyto+'Mv, z)x (1.8) 

for homogeneous x,y,z G S. Also 6' and t' x , y , denote the analogous elements for 
txi(S'). 

Over a field k of characteristic 3, let S r (r = 1,2,4 or 8) denote the para-Hurwitz 
algebra attached to the split Hurwitz algebra of dimension r (this latter algebra 
being either k, k x k, Mat2(fc) or C(k)). Also, denote by Si >2 the para-Hurwitz 
superalgebra B(l, 2), and by the para-Hurwitz superalgebra B(A, 2). Then the 
Lie superalgebras g(S,S'), where S,S' run over {S\, S 2: S4 : S\^ 2: S4.^ 2 } : appear 
in Table [I] which has been obtained in |CEQ7aj . 

Since the construction of 0(5, 5') is symmetric, only the entries above the di- 
agonal are needed. In Table [TJ f 4 , t6, tj, t% denote the simple exceptional classical 
Lie algebras, z§ denotes a 78 dimensional Lie algebras whose derived Lie algebra 
is the 77 dimensional simple Lie algebra eg in characteristic 3. The even and odd 
parts of the nontrivial superalgebras in the table which have no counterpart in 
the classification in characteristic ( Ka c77a| ) are displayed, spin denotes the spin 
module for the corresponding orthogonal Lie algebra, while (n) denotes a module 
of dimension n, whose precise description is given in [CE07aj . Thus, for example, 
0(54, S1.2) is a Lie superalgebra whose even part is (isomorphic to) the direct sum 
of the symplectic Lie algebra sp 6 and of sl 2 , while its odd part is the tensor product 
of a 13 dimensional module for sp 6 and the natural 2 dimensional module for sl 2 . 

A precise description of these modules and of the Lie superalgebras as Lie su- 
peralgebras with a Cartan matrix is given in CE07aJ. All the inequivalent Cartan 
matrices for these simple Lie superalgebras are listed in [BGL] , 
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Si S2 Si 


Sg 




"31,2 


■5*4,2 


Si 


Sl 2 PS [3 Bp 6 


u 




PSl 2 ,2 


sp 6 © (14) 


s 2 


pgl 3 © pg[ 3 ps[ 6 




1 . r 


® st 2 ) © (pst 3 © (2)) 


pfl[ 6 © (20) 


Si 


SO12 






Bst 2 )© ((13) (g)(2)) 


so 12 © spin\2 


s s 






(f4€ 


st 2 ) © ((25) © (2)) 


e 7 © (56) 


Sl t 2 
S4,2 






SO7 © 2spinj 


5Ps © (40) 
■SO13 © spirit 



Table 1. Supermagic Square (characteristic 3) 



With the exception of g(Si,2, S'4,2), all these superalgebras have appeared previ- 
ously in [EldOBj and [Eld07b| .' 



2. Jordan superalgebras 



Given any Hurwitz superalgebra C over our ground field k, with norm q — (go, b) 
and standard involution x 1— > x, the superalgebra H$(C) of 3 x 3 hermitian matrices 
over C, under the superinvolution given by (a y -)* = (<Zjj), is a Jordan superalgebra 
under the symmetrized product 



x o y = - (xy + (-l^yx) . 



(2.1) 



Let us consider the associated para-Hurwitz superalgebra S = C, with multipli- 
cation a • b = db for any a,b £ C. Then, 



J = ff 3 (C) = 



O 0,2 a\ 
0,2 a.\ d 
hi a a 2 



ao,ai,a 2 e k, ao,ai,a 2 £ 5 
=0 fcei) © (©?_ ti(5)), 



(2.2) 



where 



eo 



t (a) = 




'0 ON 
ei = I 1 
,0 Oy 

'0 a\ 
11(a) =2(0 
ia 0; 



'0 ON 
e 2 = I 
,0 1, 

'0 a ON 
i 2 (a) = 2 I a 
,0 0, 



(2.3) 



for any a E S. Identify fceo © fcei © ke2 to fc 3 by means of ooeo + oiei + 0262 
(00,01,0:2). Then the supcrcommutative multiplication (|2.1|) becomes: 

' (ao,ai,a 2 ) (fli,{h,0a) = (&o0o, atifli, a 2 /3 2 ), 



(o , oi, o 2 ) o t,-(o) = -(o i+ i + a 4+2 )ti(a), 
ti(o) o t i+ i(b) = L l+2 (a • 6), 
^ Li(a) ot 4 (fe) = 2b(a,6)(e 4+ i + e i+2 ), 
for any o^, $ £ fc, a, 6 £ S, i = 0, 1, 2, and where indices are taken modulo 3. 



(2.4) 
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In |CE07b| it is shown that the Lie superalgebra of derivations of J is naturally 
isomorphic to the Lie superalgebra g(Si,S) in the first row of the Supermagic 
Square. 

This is well-known for algebras, as g(Si,S) is isomorphic to the Lie algebra 
T(fc, H^{C)) obtained by means of Tits construction (see |Eld04j and [BS03] ). and 
this latter algebra is, by its own construction, the derivation algebra of H%{C). 
What was done in |CE07b| Section 3] is to make explicit this isomorphism q(S%, S) = 
t)et J and extend it to superalgebras. 

To begin with, (|2.4j) shows that J is graded over Z2 x Z2 with: 

J(0fi)=k 3 , J (1,0) = t<o(S), J (0,1) = L i(S), J(i,i) = !>2{S) 
and, therefore, Det J is accordingly graded over Z2 x Z2: 

(Oer J)(i,j) = {d e Oer J : d(J( r<s )) C J {l+rJ+s) Vr, s = 0, 1}. 
Moreover, the zero component is ( CE07b, Lemmas 3.4 and 3.5]): 
(t>« J)(0,o) = {d G Oet J : d(e,) = Vi = 0, 1, 2}, 
and the linear map given by 

tti(S) — » (Bet J) (0 ,o) 
(d Q ,d 1 ,d 2 ) i-> D( do4lM , 

where 

\ £ , (d ,d 1 ,d 2 )(ti(a)) = t»(d»(o)) 
for any i = 0, 1, 2 and a £ 5, is an isomorphism. 

Given any two elements x, y in a Jordan superalgebra, the commutator (in the 
graded sense) of the left multiplications by x and y: 

d x ,y = [L x ,L y ] (2.6) 

is a derivation. These derivations are called inner derivations. For any i = 0,1,2 
and a £ S, consider the following inner derivation of the Jordan superalgebra J: 

A(o) = 2d w(o)|et+1 = 2[L H(a) ,i ei+1 ] (2.7) 

(indices modulo 3), where I/^ denotes the multiplication by x in J. Note that the 
restriction of L ei to ii + \{S) © ^+2(5) is half the identity, so the inner derivation 
[L H ( a )i L ei ~\ is trivial on ii + i(S) © Li+%(S), which generates J. Hence 

[L ti(a) ,L ei ] =0 (2.8) 

for any i = 0, 1, 2 and a G S. Also, L eo+ei+e2 is the identity map, so the bracket 
[L H ( a ),L eQ+ei+e2 ] is and hence 

Di(a) = 2[L H(a) ,L ei+1 ] = -2[L H{a) ,L ei+2 \. (2.9) 

A straightforward computation with (|2.4p gives 

Di(a)(ei) = 0, A(a)(e i+ i) = ~i*(a), A(a)(e l+2 ) = ~ti(a), 
Di(a)(i i+ i(b)) = -L i+2 {a»b), ^ ^ 

A(a)(ii+ 2 (6)) = (-l) |Q||b| /,. i+ i(6.a), 
Di(a)(ii(b)) = 2b(a, 6)(-e i+ i + e i+2 ), 

for any i = 0, 1, 2 and any homogeneous elements a,b G 5. 

Denote by Di(S) the linear span of the Di(a) , s, a G S. Then the remaining 
components of the Z 2 x Z 2 -grading of Oer J are given by (|C E07bL Lemma 3.11]): 

(Bet J) (1 , 0) = D (5), (5« J) (0 ,i) = D 1 (S), (5et J) (u) = D 2 (5). 
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Therefore, the Z2 x Z2-grading of Oet J becomes 

VtcJ = D M(s) ® (®LoA(5)) (2.11) 

On the other hand, Si = fcl, with 1*1 = 1 and b(l, 1) = 2, so tti(Si) = and 
for the para-Hurwitz superalgebra S: 

a(S u S) = tri(S) 8 (®tok(Si ® 5)) 
= tri(S')® (e- = o'-i( 1 ® 5 '))- 

Theorem 2.12. (See |CE07b[ Theorem 3.13],) Let S be a para-Hurwitz superalgebra 
over k and let J be the Jordan superalgebra of 3 x 3 hermitian matrices over the 
associated Hurwitz superalgebra. Then the linear map: 

* : fl(Si, S) — >oetJ, (2.13) 

such that 

®((d ,d 1 ,d 2 )) = D {do4ud2) , 

$(n{\ ®a)) = Di(a), 

for any i = 0,1,2, a G S and (do,di,do) G tri(S), is an isomorphism of Lie 
super algebras. 

The Lie superalgebra dj^j = [Lj,Lj] is the Lie superalgebra vnoet J of inner 
derivations of J. It turns out that (oetJ)( r . s ) = (in?)er J)( r ,s) I0r ( r i s ) 7^ (0,0), 
while 

2 2 
(inc)erJ) (0 ,o) =^[i tl (5),i tl( s)] = £> E j=o = 

i=0 i=0 

(recall that #((d , di, (fe)) = (d2,d ,di) for any (^0,^1,^2) G tri(5)). 

In characteristic 3, tti(S) = ELo^fes) if dimS = 1,4 or 8 ( [Eld04j ). and 
the same happens with tti(Si,2) and tt^S^), because of |CE07a[ Corollaries 2.12 
and 2.23], while for dimS 1 = 2, iri(S') has dimension 2 and J2i=o @ l (ts,s) = ts,S 
has dimension 1 (see Eld04j). In characteristic 7^ 3, tti(S) = Yji=a^(^s,s) always 
holds. 

Corollary 2.14. (See }CE0 7b. Corollary 3.15],) Let S be a para-Hurwitz (su- 
per) algebra over k, and let J be the Jordan (super) algebra of 3 x 3 hermitian ma- 
trices over the associated Hurwitz (super) algebra. Then Oer J is a simple Lie (su- 
peralgebra that coincides with inoer J unless the characteristic is 3 and dim S = 2. 
In this latter case inoer J coincides with [Oer J, 5er J], which is a codimension 1 
simple ideal ofdexJ. 



3. The second and third rows in the Supermagic Square 

The second row of the Supermagic Square is formed by the Lie superalgebras 
q(S, S'), where S and S' are symmetric composition superalgebras with dim S = 2. 
Let 5*2 be the split two dimensional para-Hurwitz algebra. Thus, S2 is the para- 
Hurwitz algebra attached to the unital composition algebra K — k x k, whose 
standard involution is given by (a, (3) — ((3, a) for any a, (3 £ k. Then with 1 = (1, 1) 
and u = (1, —1), the multiplication and norm in S% are given by: 
1*1 = 1, 1 • u = U • 1 = — U, umu = l, 

g(l) = l, b(l,it) = b(M) = 0, q(u) = -l. 
Moreover, the triality Lie algebra of S2 is (see |Eld04( Corollary 3.4]) the Lie algebra: 
tti(jSa) — {( a o°~, ot\a, a.20-) : Q!q, ol\, <x<z G k and ao + ct\ + a 2 = 0}, 
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where the linear map 

(recall (|1.8|) ) satisfies er(l) = u and a(u) — 1. Note that the element t\ u £ tri(S , 2) 
defined in (|1.7|) is given by: 

ti, u = (2<r,-o-,-o-). (3.2) 

Let now J be the Jordan superalgebra considered in equation (|2.2p . Its structure 
Lie superalgebra (or Lie multiplication superalgebra) strJ is the subalgebra of the 
general Lie superalgebra £)[(</) spanned by the Lie superalgebra of derivations dcx J 
of J and by the space Lj of left multiplications by elements in J. Since [Lj, Lj] is 
a subalgebra of t)er J, it follows that 

strJ = DetJ®Lj. 

Then the center of this Lie superalgebra is spanned by L\ (the identity map). We 
will consider too the projective structure Lie superalgebra pstrJ, which is defined 
as the quotient of str J modulo its center: 

pstrJ = stxJ/kLi = sttJ/kl, 

where / denotes the identity map on J. 

Then with the notations introduced in Section we have: 

Theorem 3.3. Let S be a para-Hurwitz superalgebra over k and let J be the Jordan 
superalgebra of 3 x 3 hermitian matrices over the associated Hurwitz superalgebra. 
Then the isomorphism $ in equation (|2.13|) extends to the following isomorphism 
of Lie superalgebras 

* 2 : fl(5 2 , S) — >psttJ (3.4) 

where: 

• for any (d ,d 1 ,d 2 ) £ tri(S), $2(^0,^1,^2)) = D^ da4ud ^ + kl, 

• for any aa,a.\,a.2 £ k with + ct\ + a 2 = 0, the image under $ of the 
element (a cj, a±a, a 2 a) £ tri(5 2 ) is Z a2ei _ aie2 + kl (= L aieo ^ aoei + kl = 

LaQC2~a2ei kl) , 

• and for any i = 0, 1, 2, a £ S, $2 (ti((ctl + flu) <8>a)) = (aDi(a) + /3L t .( a )) + 
kl. 

Proof. The proof is obtained by straightforward computations using the results in 
Section [2] Thus, for instance, for any a, £ k (i = 0, 1, 2) with ao + + &2 = 0, 
and any a, /3 £ fc and a £ S 1 , we get: 

[(aoc, «ict, a2(r), io((al + /? u ) ® a )] — ao t o((/91 + oiu) ® a), 
which maps under $2 to 

a (/3A)(a) + aAo(o)) + w - 
On the other hand, we have: 

[$ 2 ((a CT,Q!iCT, a 2 a)) 7 ^ 2 (L ((al + flu) <g>a))] 

= [i Q2ei - ctie2 ,a J Do(a) +/3i t0 (a)] + W 

= (— a[_Do(a), I/ Ql eo-a ei] ~ /?[ J(. (a) , L aieo _a oei ] ) + kl 

= a (aI Do(a )( ei ) + /3130(a)) + W 

= a ((3D (a) + aL io(a) ) + kl, 

where equations (f2~7|) . (|2~51) . ([23]) and (f2~TU]) have been used. 
In a similar vein, for any homogeneous a,b £ S, the element 

[t (l <X> a), l (u ® 6)] = b(a, b)ti iU = b(a, 6)(2cr, -cr, a) 
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(recall equations (|3.ip and (|3.2p ) maps under $2 to b(a, 6)L e2 _ ei + kl, while we 
have 

[$ 2 (to(l ® a)),$ 2 (i (M® 6))] 

= [Ao(a),i,. (6)] + fc/ 

= £.Do(a)Mb)) +kl = b(a, 6)L_ ei+e2 + fcl, 

as required. 

The remaining computations needed to prove that $2 is an isomorphism are 
similar to the ones above, and will be omitted. □ 

Corollary 3.5. The Lie superalgebras q(S2, £1,2) and 0(6*2, 64,2) in the Supermagic 
Square in characteristic 3 are isomorphic, respectively, to the projective structure 
Lie superalgebras of the Jordan superalgebras of hermitian 3x3 matrices over the 
unital composition superalgebras 5(1,2) and -6(4, 2). 

Let us turn now our attention to the third row of the Supermagic Square. 

Thus, let Q be a quaternion algebra (that is, a four dimensional unital composi- 
tion algebra) over k, with multiplication denoted by juxtaposition, and denote by 
Q the para-Hurwitz algebra with multiplication given by x • y = xy = yx. Note 
that Q is the para-Hurwitz algebra attached to the opposite algebra of Q (which is 
isomorphic to Q). In case Q is split, then it is isomorphic to the algebra of 2 x 2 
matrices Mat2(fc). 

According to [Eld04| Corollary 3.4], the triality Lie algebra of Q splits as: 

tri(Q) = ker7r ©ker7ri ©ker7r 2 , (3.6) 

where 7T; : tri(Q) — > so(Q) is the projection onto the ith component. Moreover, let 
Q° denote the subspace of zero trace elements in Q, that is, the subspace orthogonal 
to the unity element. Then (|Eld04, Corollary 3.4]) we have: 

ker7r = {(0J a T, -r a r) : a G Q°}, 

where l a and r a denote the left and right multiplications in Q and r : x x 
is the standard involution of Q. Therefore, for any a G Q° and x € Q, since 
a = r(a) = —a, we get: 

Iot{x) = a»x = ax~xd~ —xa = —R a (x), 

r a r{x) = x • a — xa — ax ~ —ax = —L a {x), 

where L a and R a denote the left and right multiplications by a in Q. Hence the 
ideal ker7To above becomes: 

ker7r = {(0,-i? a ,L a ):aeQ }. 

and, similarly ker7ri = {(L a ,0, —R a ) : a G Q } and ker7r2 = {(— R a ,L a ,0) : a G 
(/''}• 

Now, for any a,b,x G Q, q(x) = xx — xx, so b(a, b) = ab + ba = ab + ba and 
hence we have: 

r a h(x) = bxa = xba = abx — L a b(x), 
laTb{x) — axb — abx — xba = i?(, a (x), 

o~ a ,b{x) — b(a, x)b — b(b, x)a = (ax + xa)b — a(bx + xb) = (—L a i + R a b)(x), 
o~ a ,b{x) = b(a, x)b — b(b, x)a = b(ax + xa) — (bx + xb)a = (Lba — Rba)( x )i 

ib(a, b)x - r a l b (x) = ^(ab + ba)x - L ab {x) = ^L ha _ ab (x), 
ib(a, b)x - l a r b (x) = \x{ab + ba) - R b a{x) = ^R a b-ba(x)- 
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Therefore, the element t a ^ G tti(0) in (| 1 . 7|) becomes: 

ta,b = (<?a,b, b ) 1 - r ak, ^ b ( a ; b ) ~ 

— 2 ( _ ^ab-ba + ^ab-fca; — ^ab-bai ^-ab-ba) • 

It must be noticed that the subspace Q° of trace zero elements is a three dimen- 
sional simple Lie algebra under the commutator, and that any three dimensional 
simple Lie algebra appears in this way. Moreover, given any Jordan algebra H, 
Tits considered in |Tit62j the Lie algebra defined on the vector space 

T{Q,H) = (Q° © H) ffifleti? (3.7) 

endowed with the bracket given by: 

• the restriction to Oet-ff is the commutator in Deri?, 

• [d,a®x\ — a® d(x), 

• [a ® ar, b <g> y] = ([a, b] ® xy) — 2b(a, b)d X:V , 

for any a, b G Q°, x,y E H, and d G dec H. (Recall the definition of in (|2.6p .) 

In the split case Q — Mat2(&), the resulting Lie algebra is the well-known Tits- 
Kantor-Koecher Lie algebra TKK(H) of the Jordan algebra H . Besides, all the 
arguments involved work in the super setting, and thus H can be taken to be any 
Jordan superalgebra. 

Let us return our attention to the Jordan superalgebra J of hermitian 3x3 
matrices over a unital composition superalgebra C, with associated para-Hurwitz 
superalgebra denoted by S, as in equation (|2.2|) . Consider the Lie superalgebra 
g(Q, S) in equation (|1.6p . As a vector space, Q splits into the direct sum Q = 
kl © Q°, and this gives the following decomposition of g(Q, S): 

(O, S) = (S U S) © tri(Q) © (®tok(Q° <8 5)) 

Also recall the decomposition in equation (|3.6|) . 

Then, as in Theorem 13. 3[ the isomorphism $ in equation (|2.13p can be extended 

to 0(0, sy. 

Theorem 3.8. Let S be a para-Hurwitz superalgebra over k and let J be the Jordan 
superalgebra of 3 x 3 hermitian matrices over the associated Hurwitz superalgebra. 
Then the isomorphism <!> in equation (|2.13p extends to the following isomorphism 
of Lie superalgebras 

$3 : 0(0, S) — » T(Q, J) = (Q° © J) © dec J, (3.9) 

where: 

• i/ie restriction of $3 to 0(jSi,iS') coincides with $ in Theorem \2.1°A 

• for any a G 0°, £/ie elements (0,—R a ,L a ) e ker7To, (L a ,0, — i? a ) G ker7Ti 
and (— R a ,L a ,0) E ker7T2 map, respectively, to i(a©eo), |(a © ei), and 
i(a <E> e-i), (recall that equation (|3.6p shows that tri(0) = ker7To © ker7ri © 
ker7T2 ,) 

• for any i = 0, 1, 2, a G Q° and x G S, $3(^(0 © x) = ~\a © tj(x). 

The proof is obtained by straightforward computations and thus will be omitted. 

Since T(Q, J) is the Tits-Kantor-Koecher Lie superalgebra of the Jordan super- 
algebra J in case Q is the split quaternion algebra, the next corollary follows at 
once: 
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Corollary 3.10. The Lie superalgebras 0(S4, Si^) and 0(5*4, S4. 2) in the Super- 
magic Square in characteristic 3 are isomorphic, respectively, to the Tits-Kantor- 
Koecher Lie superalgebras of the Jordan superalgebras of hermitian 3x3 matrices 
over the unital composition superalgebras B{\,2) and B(A, 2). 



4. The Lie superalgebra 0(51,2, £1,2) 

The tiny Kaplansky superalgebra (|Kap75, McC94j) is the three dimensional Jor- 
dan superalgebra K3 = Kg © K\, with Kg = ke and K\ = kx + ky, and with 
multiplication given by: 

2 1 1 

e =e, ex = -x = xe, ey = -y = ye, 

xy = e = —yx, x 2 = = y 2 . 

On the other hand, the simple ten dimensional Kac superalgebra K\g was origi- 
nally constructed in |Kac77bj over algebraically closed fields of characteristic by 
Lie-theoretical methods from a 3-grading of the exceptional Lie superalgebra F(A). 
In characteristic 3, K\g is no longer simple but possesses a simple ideal Kg of di- 
mension 9. Shestakov ( |She96j unpublished) noticed that Kg is isomorphic to the 
tensor product (as superalgebras) K3 £g> K$. Later on, it was proven in |BE02j that 
Kiq appears as a direct sum kl © (K3 <g) -^3), with a natural multiplication, in any 
characteristic, and in particular, if the characteristic is 3, then Kg = K3 ® K3. 

Assume in the remaining of this section that the characteristic of our ground 
field A: is 3. 

Take the unital composition superalgebra B(X, 2) in (|1.2p and its para-Hurwitz 
counterpart Si, 2- Then take a symplectic basis {u,v} of (Si, 2)1 = V, so that 
{1, u, v} is a basis of Si^- Since the characteristic is 3, the multiplication of Si, 2 is 
given by (see (|1.5[) ): 

1 • 1 = 11 = 1, 1 • x = lx = 1(— x) = —x — —x — x • 1 for any x G (Si,2)i, 
u • v — uv = (— u){— v) = 1, u»u = = v»v, 

and therefore Si^ is just the tiny Kaplansky superalgebra K3. 

Hence, Kac superalgebra Kg can be identified with the superalgebra Si, 2 <8> Si,2- 
Now, the triality Lie superalgebra of Si, 2 is computed in |EO02i Theorem 5.6] 

(see also |CE07al Corollary 2.12]): 

tri(Si, 2 ) = {(d, d, d) : d e osp(S li2 , b)}. (4.1) 

That is, tri(Si,2) is isomorphic to the orthosymplectic Lie superalgebra on the three 
dimensional vector superspace Si, 2 relative to the polar form of its norm. Also, in 
EO02, Theorem 5.8] it is proven that the Lie superalgebra of derivations of Si, 2 is 
the whole orthosymplectic Lie superalgebra osp(Si,2,b). 

In BE02, Theorem 2.8] it is proven that the Lie superalgebra of derivations of 
the Kac superalgebra Kg — K3 <g) K3 is the direct sum of the Lie superalgebras of 
derivations of the two copies of the tiny Kaplansky superalgebra involved. That is, 
we have: 

dtxKg = (dczK 3 (g> I) (I® Oer K 3 ), 

where I denotes the identity map and given any homogeneous linear maps tp, ip S 
qI(K s ), ip ® tp is the linear endomorphism in gl(Kg) = gl(K 3 ® K 3 ) given by: 

{tp ®i>){x®y) = {-lf x {tp{x) ® ip{y)) 

for any homogeneous elements x,y G K3. 
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Consider now the quaternion algebra Q over k with a basis {1, eo, e%, e 2 }, where 
1 is the unity element, and with 

e| = -1, e z e i+ i = ~e i+2 = -e i+ ie t , 

(indices modulo 3). Its norm is the regular quadratic form q with q(l) = 1 = q(ei), 
for i = 0,1,2 and where the basis above is orthogonal. Since the characteristic 
is 3, q(eo + ei + e 2 ) = 0, so the norm of Q represents and hence Q is the split 
quaternion algebra, that is, it is isomorphic to Mat2(fc). (An explicit isomorphism 
can be easily constructed.) 

To avoid confusion, let us denote by h q the polar form of q. The subspace of 
zero trace elements is Q° = ke a + kei + ke 2 . 

The Lie superalgebra T(Q, Kg) (see equation ()3.7|1 ) . which is isomorphic to the 
Tits-Kantor-Koecher Lie superalgebra of Kg as Q is split, is given by 

T(Q, J) = (Q°®K 9 ) ffi£)etX 9 , 

and hence it decomposes as: 

T(Q,K 9 ) = (e?=oei ® (K 3 <g> K 3 )) © ((JfteK 3 ©/)©(/ © £)etif 3 )), 

that is, the direct sum of three copies of the tensor product K$ © (or Si. 2 © 
Si, 2) and two copies of devK 3 , which is isomorphic to the orthoysimplectic Lie 
superalgebra osp(Si,2, b), exactly the situation that occurs for the Lie superalgebra 
flOSi,2,Si,3) = tti(Si, 2 ) © tri(Si, 2 ) © (©? =0 i.i(Si, 2 © Si, 2 ). 

Theorem 4.2. Let k be a field of characteristic 3. Then the Lie superalgebra 
fl(Si,2,Si j 2) is isomorphic to the Tits-Kantor-Koecher Lie superalgebra of the Kac 
superalgebra Kg. 

Proof. It has been checked above that both Lie superalgebras, £j(Si,2, Si, 2) and the 
Tits-Kantor-Koecher Lie superalgebra T(Q,Kg), split as vector superspaces into 
direct sums of isomorphic summands. Let us consider the explicit linear isomor- 
phism: 

*: flOSi,2, 5i, 2 ) —>T(Q,K g ), 

given by: 

• d, d)) — d © I G Oer Kg, for any (d, d, d) in the first copy of tti(Si,2) 
in fl(Si,2,Si, 2 ), 

• d', d')) — L © <f ', for any (d' , d' , d') in the second copy of tri(Si,2) in 
fl(Si, 2 , Si, 2 ), 

• ^(ii(x © x') = ei © (x © x'), for any i = 0, 1,2 and x, a/ £ Si, 2, 

and let us check that it is an isomorphism of Lie superalgebras. 

In order to prove that \l/ is indeed a Lie superalgebra isomorphism, the only 
nontrivial point is to prove that 

V([bi(x ® a;'), k(y ® 2/')]) = ® ^Mf ® 2/'))] 

for any homogeneous, x,x',y,y' € Si, 2 = -K3 and z = 0, 1, 2. The symmetry of the 
constructions shows that it is enough to deal with i = 0. But the description of 
tri(Si, 2 ) in (|4~T|l . together with equations (fL6| . ([LT]) and ([L~8]) give: 

[io(a; © a/), iofo ® 2/')] = (-1)^' W+TO 'b(^, + (-1)"'^^, y^,*' 

= (-ir x ' +xy ' +yy 'b(x', y')(a x , y , a x , y , a x , v ) 

+ (-l) x v h(x,y)(a x ^y',a xlt y^a X 'y), 
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which maps, under 4" to: 
y([L (x®x'),L (y®y')] 



= (-l) xx ' +xy ' +yy 'b(x', y'){a x , v + (-l)^b(x, y)(I , 



>x',y' 



= (-l) x y ((a x . v ® b(x', y')I) + (b(x, y)I <g> <7 X ,,„<)) e Oer K 9 . 
On the other hand, we have: 
[y(L (x®x')),y(L (y®y'))] 

= [e ® (x <8> x'), e <8> (y <S> y')] 

= -26 9 (e , eo)^®^, ( reca U the product in ([3J]) ) 



(as g(e ) = 1, so b g (e ,e ) 



-1) 



= -(-lf y - (([L x , L y ] ® b(x', y')I) + (b(x, y)I ® [L B ,, V])) 

(by [BE021 (2.3)]) 

= {-l) x ' y {{a x , v ® b(x', y')I) + (b(x, y)I ® <7 s ' lW /)) 

(because of [BEU21 (1.6)]) 

= *f[to(x®x'),io(y®2/')]" 



as required. 



□ 



The Lie superalgebra g(Si, Si, 2) is a subalgebra of fl(S'i,2, 81,2)- The restriction 
of the isomorphism 4 in the proof of Theorem l4.2l gives our last result: 



Corollary 4.3. Let k be a field of characteristic 3. Then the Lie superalgebra 
q(S\, Si. 2) in the Supermagic Square is isomorphic to the Tits-Kantor-Koecher Lie 
superalgebra of the tiny Kaplansky superalgebra K3. 

Note that the Lie superalgebra jj(Si,Si,2) is known to be isomorphic to the 
projective special Lie superalgebra ps[ 2 2 (see jCE07aj ). 
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